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This invention relates to a slide rule having an Ln-L
scale arrangement for simplifying the use of a slide rule in
computations involving the base e, reducing considerably the
number of settings required in comparison to the usual slide
rule when this base is used.

The present invention provides a slide rule including
the combination of coextensive logarithmic and linear scales in
which for 10 divisions of said logarithmic scale there are
2.,302585 + divisions of said linear scale, and a cursor movable

aiong sald scales and having a hairline against which they may

-be read enabling the direct finding of powers of e and

logarithms to the base e under the hairline of said cursor.
A further object of the invention is to provide an Ln
scale which is uniform or linear the same as an L scale, but

bears relation to the L scale of the constant log e 10 or

1% M = 2.302585 + for the full length of the Ln scale compared
'to 1. 0 for the full length of the L scale whereby the Ln scale
':;lmay be used in problems involving the base e in like manner as

eethe L scale is used w1th problems 1nvolving ‘the base 10.

Another obJect is to provide an Ln scale which may be

'ﬁcombined with other slide rule scales such as C and D and bears
:relapion to the C and D scales of the constant e or Naperian

'base-(2.7182818 + ), and may also be combined with the CI and

‘DI scales to find the powere of e, logarithms to the base e,

« logarithms of proper-fractions, powers for negative exponents,
wrand mantissas of logarithms by dlrect readings cross from the

: e5Ln and L scales to the C, D, GI and DI scales.

Another object is to provide a slide rule having In,

‘L and C'and/or D scales bearing the relationship per scale

length graduated in the following ratio:
| .
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In = 2,302585 +
L =1,0
C = 10,0
D = 10.0 and wherein e of the C and D scales =

2,7182818 + and are coincident with 1 on the Ln scale, the
values stated being more accurately identified as --
2,30258509299404568401799145468# + and
2.718281828459045235360287471353 + respectively,
according to the MacMillan Logarithmic and Trigonometric Tables,.f,_
10 Page 133.
 St1i11 another object is to provide ILn and L scales of
linear or uniform progression used in combination with other
gcales of logarithmic progression involving relative settings
of the body and sllde of the slide rule whereby maltiplication
and division with powers, the logarlthms of combined operations,
' the powers of - other bases, and hyperbolic functions may be
-‘determined on a slide rule of our design.
‘ A further obgect is to provide a slide rule so scaled
- as to make possible combined operations with the powers of e andéd
'Kilogarithms to the base e, with the results accurate to three or
,four signiflcant figures and readable dlrectly without the
f"fgnecessity of reading a value off one scale and then setting it
i;fon another one in order to continue w1th another calculation.
:itThus a series of calculations involving the base e may be per-
_fformed without the use of a log log scale and without the neces-
yangjsity of reading off intermediate values and resetting scales,
'f7the final result onlyhee g;reotly read on the appropriate scale.lﬁ¥in
: ' Still a further object it to provide a slide rule
1having a scale Tor the base e capable of doing everything that

the L scale‘doesrfor the base 10.
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An additional object is to provide a scale for a slide
rule which makes possible the reading of e to any exponent be-
tween 0 and 2.3 directly on the C or D scales of the rule, or e
to any exponent between 0 and -2.3 directly on the CI or DI
scales, as well as e to any power between 1 and 10 on the C or
D scales, or e to any power between 1 and -10 on the CI or DI
scales,

Another additional object is to provide an Ln scale
so related to all logarithmic scales of a slide rule that
problems involving any logarithmic scale and the base e are
greatly simplified, and particularly so in combined operations,
in comparison with such problems when worked on a slide rule
having no In scale. |

With these and other objects in view, our invention
consists in the construction, arrangement and combination of
the various parts of our Ln-L scale slide rule, whereby the
objects above:contemplated are attained, as hereinafter more
fully‘set forth, pointed out in our claims and illustrated in
detail on the accompanying drawings, wherein:

Figure 1 shows an arrangement of scales for a slide
rule wherein our Ln scale is on the slide and arranged back
to back with respect to an L scale;

Figure 2 shows another scale arrangement wherein the
In and L scales are provided on the body of the slide rule;

Figure 3 shows a complete slide rule with the scales
of Figure 1 thereon;

Figures 4, 5, 6 and 7 show scale and cursor settings
to illustrate the use of the Ln and L scales to find powers of
e, logarithms to base e and other values involving the base e,

and

Yo




10

20

30

671991

-5-

Figures 8, 9, 10 and 11 show scale and cursor set-
tings combined with body and slide settings to illustrate how
the L and Ln scales are used in combination with logarithmic
scales of a slide rule.

On the accompanying drawings we have used in Figures
1, 2 and 3 the reference numerals 10 and 12 to indicate the
body portions of a slide rule, and 14 the slide thereof. The
body portions 10 and 12 are connécted by end members 16 in the
usual way, and a cursor 18 of transparent material is support-
ed by slides 20 and 22 that slige along the top and bottom of
the rule so that the hairline 24 of the cursor 18 may be match-
ed with various slide rule graduations as required.

The body 10-12 in Figure 1 is provided with such
standard scales as Log-Log (LL1l, LL2, LL3 and LL4) and the
slide and body are provided with the usual C and D scales
respectively. The slide 14 is also provided with the usual
linear Log scale (L) to which the logarithmic C and D scales
are related, and the usual TH and SH scales are also provided
on the slide.

The important scale of our invention is the Ln scale
which is calibrated in accordance with Napierian or natural
logarithms (logarithms to the base e). Napier explained in
his book of 1614 the value of e = 2.71828 approximately. Ac-
cordingly, 1.0 to our Ln scale is coincident with 2.7182818 +
of the C scale in Figure 1 and the D scale in Figure 2, and is
designated with a mark identified epsilon (f ) throughout the
drawings.

The Ln scale is a uniformly divided scale and its
length is equal to log e to the base 10, or 2.302585 + . It

accordingly bears the relationship of this number to the

-5-
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length 1.0 of the L gcale as shown. Thus calibrated, the Ln
scale is useful to simplify problems involving the base e when
used with the Log scale and/or with any of the other scales
that are related (a logarithmic to linear relationship) to the
Log scale, as will hereinafter be explained in detail.

Figure 2 shows further scales as follows:

a D scale folded at 7 (DF)

a C scale folded at 4r (CF), and

a CI folded scale (CIF) reciprocal to CF, all re-
lated to the Log scale so that they may be used in computa-
tions involving the base e through their relation with the Log
or L scale and its relation to our Ln scale.

Figure 1 also shows DF/M and CF/M scales folded at
the value 2.302585 + which may be used in some computations
likewise involving the Ln scale as well as the logarithmic
scales of our slide rule.

In general, the Ln scale is used for problems with
the base e. 1In explanation of the use of the designation
"In", this is a symbol now commonly used in mathematical books,
being an abbreviation for "natural logarithm".” Log 8 is an
expression used for "logarithm of 8 to base 10", and likewise
In 8 is for "logarithm of 8 to base e".

The range of our Ln scale (from 0 to 2.3} is greater
than the range of the L scale (from 0 to 1). By computing a
"characteristic" one can use the Ln scale to find any power of
e; thus, the effective range for powers of e is from 0 to in-
finity. Also, for many problems it is more convenient to use
an Ln scale than Log-Log scales, and in particular it enables
one to solve problems with powers of e in combined operations.

Since powers of e are read on the C (or D) scale, accuracy to

wbm
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three or four significant figures is obtained no matter how
large or how small the numbers are, Our Ln scale thereby
saves steps in many computational problems.

Following is a detailed description of the operation
of our disclosed slide rule and examples of problems in two
parts:

PART 1 (Sections a tg)
"(a) Finding logarithms

(b) Powers of e and 10

(¢) Finding logarithms of proper fractions

(d) Powers for negative exponents

(e) Finding the characteristic

(f) Extending the range fay 109 and e¥

(g) A shortcut in using Lh 10 = 2,30258

In Part 1 the use of the In scale to find powers of
e and logarithms to base e is explained. The Ln scale is used
with problems in base e just as the L scale is used with
problems in base 10. When referring to the scales shown in
the various figures of the drawing, the slide and cursor are
always set on the rule like the ones pictured in the Figures.
in-this description we will use the symbol Lnx for the

logarithﬁ of x to base e. BReferences to L scales (In and L)

~"on the slide" are the scales of Figure 1 and "on the body"

are the scales of Figure 2.

(a) Finding logarithms. Referring to Figure 4,
five different settings of the hairline 24 are iliustrated to-
gether with the values found according to the following:

Rule: To find mantissas of logarithms: Set the
number on the C (or D) scale, and read the
mantissa for base 10 from L, or for base e

-7-
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from Ln. If L scales are on slide, set on C.
If L scales are on body, set on D. Characteris-
tic for base 10 is found by usual method.
"Characteristic" for base e is explained in
Section (e). Also, see below.

10, we have 0 £ log x £ 1,

A
A

For 1 X

it

For 1 = x £ 10, we have 0 £ Ln x £ 2,30258

For the same domain (1 £ x = 10), the range of ILn
is greater than the range of L,

Examples for practice. Verify that:

1. Ln 1.473 = 0.387 2. Log 1.473 = 0.168
3. In 2.34 = 0.850 4, Log 2.34 = 0.369
5. In T = 1.145 6. Ln 3.49 = 1.250
7. In &4 = 1,386 8., Lm 4.62 = 1.530
9. In 5.17 = 1.643 10. Im 7.35 = 1.995
11, In 8.05 = 2.086 12, In 9 = 2.197

13. In 3.62 = 1.286‘ 14, Log 3.62 = 0.559

15. In 1.91 = 0,647 16. Log 1.91 = 0.281

17. In 2.66 = 0.978 18. Loé 2.66 = 0.425

(b) Powers of e and of 10. In Figure 5 the cursor
hairlines 24 are in the same positions as in Figure 4 for
Section (a), but the corresponding values for the powers of
e and of 10 are given.
Rule: To find powers of e and of 10. Set the

exponent of e on Ln, or of 10 on L, and read

the power on C (or D). If L scales are on

siide, use C; if they are on body, use D.

The decimal point of the answer is found by

special rules. See Section (f). Also see

below.

-8~
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For 02 y £ 1, we have 1 % 10” £ 10.
For 0 £ y £ 2,30258, we have 1 £ oY £ 10,

Although the domain of y is greater for base e,

the range of 10Y and eY is the same. The expo-
nents for this range may be set directly on the
Ln or L scale,

Examples for practice. Verify that:

1. 5= %5 = 1.6u0 2. e0481 - 2 25
3. V10 = 105 = 3,16 b, o115 23,16
10 5. o1+ = 3.90 6. 263 _ 5 104
7. o1+875 = 6.52 8. = 7.39
9. &2-138 = B.48 10, e%°252 . 9.5
11, 100732 = 5.40 12. 10°°7 = 7.95
13.V &3 = 615 = 4.8 14, 100°%95 - 5 sy
15, &0-1 = 1,105 16. ¢9-205 . 1 228
17, 60-532 =1.702  18. ¢2°%Y - 1.0101
19, &%:99 = 2,691 20, e1'0Y - 2 7ue

(¢) Finding logarithms of proper fractions. The

logarithm of each proper fraction is a negative number., It
20 is written in two ways; for example:
Log 0.5 = -0.301 or 9.699—10; also,
In 0.5 = 0.693 or 9.307-10
For slide rule work the form Je=== ~10 is not needed. Figure
6 illustrates cursor settings in relation to the significant
scales of the slide rule for problems of this kind and gives
theicbrresponding values.
Rule: To find mantissas of logarithms of numbers

between 0.1 and 1, set number on CI (or DI),

read mantissa for base 10 on L, for base e on
30 In. If L scales are on the slide, use CI. If

L scales are on the body, use DI. For smaller

numbers, see Section (f). Also, see below.

-9-
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A

For 0.1 £ x = 1, we have -1 % log x S 0,

A
HA

For 0,1 £ x £ 1, we have -2.30258 € Lnx % 0.
For the same domain (0.1 £ x £ 1), the range of

Ln is greater than the range of L, For x in this

domain, the logarithm is read directly from the
scale and written with the negative sign. For x
not in this domain, the characteristic must be
found by a special rule.,

Examples for practice, Verify that:

10 1. In 0.15 = -1.897 2, In 0.1625 = -1.818
3. In 0.19 = -1.661 4, Log 0.19 = -0,721

5. Ln 0.202 = -1.599 6. Log 0.202 = -0.695

7. Ln 0,259 = -1.351 8. Log 0.259 = -0.587

‘ 9. In 0.3 = -1.204  10. LnA/10 = -1.158
11, In 0.85 = -0.163 12. In 0.92 = -0.083

13. Log 0,742 = ~0,130 14, Ln 0,742 = -0.298

15. Log 0.363 = -0.440  16. Tn 0.363 = —1.01L

7 : 17. Log 0.178 = -0.750 18. Ln 0.178 = -1.726

19. ILn 0,120 -2,120 20, Log 0.12 = -0.921

20 21. In 0,203

-2.27 22. Log 0.103 = -2.274

il
I

(d) Powers for negative exponents. For negative ex-

ponents, powers are all less than 1. Hence, they are proper
fractions. In Figure 7 the cursor hairlines are shown in the
same positions as in Figure 6 for Section (c) but negative
exponent values are given,

Rule: To find powers of e and of 10 for negative
exponents, set the exponent of e on Ln, or the
expohent of 10 on L, and read the power on CI
(or DI). If L scales are on slide, use CI; if

30 they are on the body, use DI, The decimal point
in the answer is found by special rules. See
Section (f). Also, see below,

-10-~
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we have 0,1 = 10Y £ 1.0.

For -1 & y £ 0,
For -2,30258 £ y 2 0, we have 0.1 S &Y $1.,0.

Although the domain of y is greater for base e, the

range of 107 and of eY is the same. The exponents
for this range may be set directly on the Ln or the
L scale.

Examples for practice. Verify that:

1. o2 = 0.135 2. 1078~ 5.1585
3. e72 = 0.368 4. 107% 1 = ol79n
10 5. e %2 - 0.819 6. e=0:63 - 0,533
7. 6727 _ 5.963 8. e=1:-54% _ o.214
9. e=127 _ 0.281 10. e=2-08 - 0,125
11. e72:29 = 0.1013 12, 165 _ 0,192
13. 107%°%7 = 0.2138 14, 7072 - o 487
15. 10=0-%% _ o 363 16. o~0:56 _ o,5m
17. 107025 . 0. 562 18. ¢~0+99 _ 0.372
19. e”1:5 = 0.223 20. 107%:1% = 0.708
(¢) Finding the characteristic.
Base 10
20 The characteristic is the exponent of 10 when the

number is expressed in standard form.

Rulé: To express a number in standard form: (i)
place a decimal point at the right of the first
non-zero digit, (ii) start at the right of the
first non-zero digit in the original number and
count the digits and zeros passed over in reachr

ing the decimal point. The result of the count

is the numerical value of the characteristic, or
exponent of 10. If the original decimal point

30 is toward the right, the characteristic is

=1].
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positive (+). If the original decimal point
1s toward the left, the characteristic is nega-
tive (-). Indicate that the result of (i) is
multiplied by 10 with this exponent.

Examples for practice.

Number in

Number standard form  Characteristic’
1. 5,790,000 5.79 x 106 6
2. 0.000283 2,83 x 10-% -4
10 3. bl b4 x 107 1
4, 0,623 6.23 x 107 -1
5. 8.15 8.15 x 10° 0
6. 461,328 4.61328 x 10° 5
7. 0.0000005371 5.371 x 10=7 -7
8. 0.0306 3.06 x 1072 -2
"Base e
The term "characteristic" as used here will mean
the number to which a reading from the Ln scale
must be added to account for logarithms not in
20 | its range.

Rule: First express the number in standard form.

Bead the logarithm of the first factor direct-
iy from In, as in Section (a). Multiply
2.30258 by the exponent of 10 in the second
factor. If the exponent is positive, add this
result to the direct reading. If the exponent
is negative, subtract the result from the

direct reading.

~12-
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Examples for practice. Verify that the logarithm
to base e for the examples at the left is as

follows:

it

In 5,79 x 106 1.756 + 6(2.303)

1.040 - 4(2.303)

15.574
-8.170
3.785
-0. 474
2.098

. In 2.83 x 10'4
. Ln 4.4 x 10°

]

1,482 + 2.303

1]

In 6.23 x 1071 = 1.829 - 2.303
In 8.15 x 10° = 2.098 - 0
. ILn 4,61 x 10°

It

1.528 + 5(2.303)
. Ln 5.371 x 1077 = 1.681 - 7(2.303)
1.118 - 2(2,303)

i

13.041
10

it

-14,437
-3.487

1
2
3
b
5
6
7
8. Ln 3.06 x 10°°

it
I

For 0<x<w, we have -y <log x < + & ,
For 0<x<w, we have - <In x < + o ,

(f) Extending the range for 10Y and eY.

Base 10

For y not in the interval between 0 and 1, the

standard method of finding 107 first expresses it

as the product of two factors. Thus 102'5 =

102 b'q 100‘5 . One factor has an integral expo-
20 nent. The other factor has a fractional exponent

in the interval 0 to 1. The second factor is

computed by the methods of Section (b), and

Section (d). The first factor then determines

the position of the decimal point in the final

answer,

Examples for study.
2

i
it

0
1. 1025 = 102 x 10°°°

2. 10426 _ oMy 10026

10 x 3.16

104 x 1.82

316.

18,200.

3. 107938 _ 1075 % 107038 _ 10=5 x 0.417
0-2.71

0.00000417.

30 b4, 1

= 1072 x 107271 = 107%x 0.195 = 0.00195.
-13-
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For -0 < y &£ + 60 , we have 0 < 107 < + o ,
The effective range for powers of 10 is infinite.
Three or four significant figures of e¥ can be found.

Examples for practice. Verify that:

1. 103-916 _ g 240 2, 1073:926 _.0.0001214

3. 109-023  _ 105,400 = 4, 1072+ 023 ='0,000,009,48
14.622

5. 10 = 4.19 x 10 = 419,000,000,000,000

6. 10723-877. 0.000,000,000, 000,000, 000,000,001, 327

Base e
For y not in the interval 0 £ y £ 2,30258, express

ey as the product of two factors. For example,

635 = gR+3 x 1.2 = 10e1'2 . One method of find-
ing these factors is to divide the exponent y by
2.30258 (or a rounded value of this divisor, such

as 2.303), to determine an integral quotient, g,

and a remainder, r. Then y = 2.303qg+r,

and eV = ¢2:3030T . o2.303q y or - (52.303)Q x or -
109 x oF .

The value of the second factor is computed by the
methods of Section (b), and Section (d). The first
factor is used to determine the decimal point.

Examples for study.

1. To find e®5% | rirst divider 6.54 by 2.303,

obtaining quotient 2 and remainder 1.934. Then

e6‘54 = 102 x e1‘934 . Set cursor to 1.934 on

In. Read 6.92 on C (or D). Then answer is

100 x 6.92 = 692,

2., Find e'6'54~. As in Example 1, ef6'54 =

1072 x e7193% | set cursor hairline to 1.934

on Ln. Read 0.114 on.CI (or DI). Then

=65 = 0.00144.
~14-
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3. PFind 617’4

. Divide 17.4 by 2.303, obtaining
quotient ("characteristic") 7 and remainder
1.28. Set hairline to 1.28 of Ln. Read 360
on C (or D). Multiply by 107 .

For -0« y < +® |, we have 0 < e¥ < + ® , The

effective range for powers of e is infinite. Three

or four significant figures of ey can be found.

(g) A short cut in using ILnl0 = 2,30258.

To extend the range of Ln the number 2.30258

is needed. Suppose that, to save work, the number

2.3 is used. Some error will of course occur. For

example, ﬁhe remainder in division will be too

large. How can we easily correct for this error?

The following simple rule will serve:

Rule: Take 1 per cent of the quotient and divide
it by 4. Sybtract the result from the remainder
to obtain the correct remainder to set on Ln.

Example. Find 917,4 (Compare with Example 3, under

Base e). Divide:

or 2.30258/17.40000

2.3/17.5%
16.1 16.11806
1.3 1.28100

Take 1% of 7; 0.01 x 7 = 0,07; Divide by 4.
0.07 ¢+ 4 = 0.02, approx. Subtract 0.02 from
1.3, to obtain 1.28, the corrected remainder.

17.4 _ _1.28

Then e e X 107. The basis of this

rule is explained below.
Consider x = e”. Divide n by 2.30258, and denote
the integral part of the quotient by q and the
remainder by r.
Then, n = 2.30258qtr, r<£2.30258,

15~
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We now propose to use 2.3 as divisor in place of
2.30258. We require the quotient to again be q,
but get a new remainder which we denote by R,
where R)xn Then,

n = 2.3q+B, where R<< 2,3 .,
Subtracting this from the former equation, we have
0 =0,00258q+r - R, or r =R - 0.00258q .
Thus the error, R - r , in the remainder is 0.00258q.
If this is rounded off to 0.0025q, it expresses one-
fourth of 1 per cent of the guotient.
When the slide rule is used to divide by 2.30, pro-
ceed as follows: Set 2.30 of C over 17.4 of D.
Under 1 of C read 7.56 on D, The integral part, or
"characteristic", is 7. Multiply the decimal frac-
tion 0.56 by 2.3, using the C and D scales. Obtain
1.2%9 as the reduced exponent of e.

Figure 1, the quotient may be obtained by merely
setting the exponent on DF/M and reading the quo-
tient on D, The relation between readings on the D
and the DF/M scales may be indicated symbolically
as foilows:

(D) 'x 2.30 = (DF/M) and (DF/M) ¢ 2,30 = (D).

For some purposes and for some exponents, this slide

rule method is not sufficiently accurate.

Examples for practice.

1. Fina e/ 6% . Divide 7.61 by 2.3; quotient 3,
remainder 0.71. Correction is 0.03/4 = ,01.

7.61 e0°70

Hence e = X 103 , or 2,018,

~16-
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2, Find 56°95 . Divide 6.95 by 2.3 to get charac-
teristic 3 and remainder 0.05 . Correction
5.0,03/4 = 0,0075., Corrected remainder is
0.0425 . Hence °*%7 = ¢70-0%25 | 143
Set 0.0425 on Ln, read 0.958 on CI. Point off
3 places to the left, to get 0.,000958 .

_ 3, Find e9 . Divide 9 by 2.3 . Characteristic is
3, remainder 2.1, Correction is 0.03/4 = 0.0075,
or .01 . e9 = e2“09 x 103 . Set 2.09 on Ln,
read 8.1 on C. Then e’ = 8100.

-2.09 x 10~ . »et 2,09 on Ln,

4, Find e"9, or e
Bead on 0,125 on CI, point off 3 places to left
to find e~7 = 0,000123 .,
PART 2 (Sections h to n)
(h) Multiplication with powers
(1) Division with powers
(j) Examples for practice
(k) Logarithms of combined operations
(1) Powers of other bases
(m) Hyperbolic functions
(n) Applied problems
In Part 2 the use of the L and Ln scales in combina-
tion with other scales will be explained. The methods used
when the L scales are on the body (Figure 2) differ from those
used when they are on the slide (Figure 1). Instructions for
both types of slide rule are given. In solving problems,
first express the numbers in standard form as explained in

Section (f) and Section (g). The calculations are carried

- through within the ranges of L and Ln provided, and the

decimal points are determined by special rules.

-17-
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(h) Multiplication with powers. The scales are set

as in Figure 8 to find 16.8 x e1°15 with the In and L scales
on the slide of the rule,

Notice that when 1 of the C scale is set over 16.8

of the D scale, the product of 16.8 and any number
set on C is read on D. But by setting the cursor
hairline over 1.15 of Ln the value of el‘15 is
automatically set on C. This number (actually 3.16)
does not have to be read. The product is on D.

10 With the log log scales, this value (3.16) must be
read and transferred to C before the multiplication
can be started.

Rule for a-e’. If L scales are on slide, set 1 of C

over a on D. Move cursor hairline to y of ILn.
Read figures of answer on D. Determine the
decimal point by standard form method. If L
scales are on body, begin with eY. Set cursor
hairline to y on L. Set 1 of C under cursor
hairline. Move cursor to a of C. Read answer

- 20 on D, With powers of 10, use L in the same way.

When the L scales are on the body of the rule, the
settingsjare made as in Figure 9.

(1) Division with powers. Remember that division

is the opposite of multiplication. The scales pictured in
Figures 8 and 9 for Section (h) are set to divide 530 by el°15,
‘that is, to find 530/el-15 using D and C, or 530/3-1'15 using
D and CI,
L.scales on slide (Figure 1).
Rule: To divide a/e¥, set y on Ln over a on D.
30 Under 1 of C read a/e’ on D.
| -18-
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(j) Examples for practice.

1o Find 2.79 1 9%5/3.82. Set nairline over 2.79
on D. Move slide so 3.82 on C 1s under hairline.
Move hairline to 1.945 on In., Read 5.12 on D,

2. Find 17,35 el°226 sin 43° . Set 1 of C over

17.35 on D. Move hairline over 1.226 on Ln,
Move right index of C under hairline. Move hair-
line to 43 on S. Read 40.3 on D.

3. Find 0.0000452e7-01 (see Bx. 1, p. 12). Write the

10 work in standard form;

4.52 x 1070 x e0470 ¢ 103 L 4 55 5 0.70 , 1 -2 .
Set index of C over 452 on D, Move hairline over
0.70 on Ln. Read 912 on D, Answer is 0.0912,

4, Fing 5.272812’7 - First rewrite ol?-7 as
el-19 x 105 , Set hairline over 5,27 on N/.

Turn rule over, and set index of C under hairline,

Move hairline to 1.19 on Ln. Read 910 on D. |Note
5.2?2 is about 30 or, roughly,.: 3 x 10, Also
el°19 is about 3, Answer, then, is about

»20 3x 3x 10 x 105 of 9 x 106 . Correct to three
significant figures, answer is 9,10 x 106
L scales on body (Figure 2).

Rule: To divide a/e?, set 1 of ¢ under y of Ln. Move
hairline over a on D. Reag a/e¥ on C under the
hairline,

1. Find 2.79 e*+9%5/3.82, Set hairline over 1.945

of In. Set slide so 3.82 of C ig under hairline.
Move hairline over 2.79 on C, Read 5.12 on D.
2', Find 17,35 e1"226 sin 43°, Set hairline over 1.226
30 on Ln. Move slide so 17.35 on CI is under hairline,

Move hairline to 43 on S. Read 40.3 on D.
«19.
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3'. Find 0.000045267 %1 (see Ex. 1, p. 12). Write
the work in standard form:
5,52 x 1072 x 279 x 103 = 4.52 x &0+70 4 102

Set hairline over 0.70 on Ln. Move slide so

index of C is under hairline. Move hairline over

452 on C. Read 912 on D. Answer is 0,0912,

2.
b, Fina 5,272e1 7 . First rewrite el?:7

e1.19

as

X 105 . Set hairline over 1.19 on In.
It is not convenient to use the A scale for

10 5.27% . Move slide so 527 on CI is under hairline.
Move hairline to 527 on C. Read 910 on D. Note
5.272 is about 30, or, roughly, 3 x 10. Also
e1’19 is about 3. Answer, then, is about
3% 3x10x 10 or 9 x 105 . Correct to three
significant figures, answer is 9.10 x 106 .

(k) Logarithms of combined operations. The scales

of Figure 10 are set to find 1n 6.78/3.24 and log 6.78/3.24
with L scales on the body.

First, divide 6.78 by 3.24 in the usual way using C

20 and D scales. Move cursor over 1 of C. Read 1n

6.78/3.24 on Ln and read log 6.78/3.24 on L. If L
scales are on the slide, close rule (move slide so
C and D indexes coincide) before reading from Ln or

L. Or, if you prefer, first set slide so 1 of C is

over 3.24 on D, Move hairline over 6.78 on D. Read
logarithm from Ln or L,
In Figure 11 comparable settings are shown when the

L scales are on the slide.

Rule: To find 1n a/b or log a/b, set b on C over

30 a on D, At index of C read 1n on Ln and log on

=20=
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L., Characteristics must be found by a special -
rule. If L scales are on slide, set 1 of C
over b on D, Move indicator over a on D. Read
logarithm from In on L, This method requires

only one setting of the slide.

(1) Powers of other bases. Sometimes powers of bases

other than 10 or e are needed. If a slide rule has Log Log
scales, they may be used to find these powers within the
range provided. If the slide rule does not have Log Log
scales, or if the power is outside the scale range provided,
one of the following methods may be used.
Using base e
Examples
1. Find 1.5°°% . Write ¥ = 1.5 . Set 1.5 on C
(or D), find x = 0.405 on In. Then (1.5)2‘4 =
(80.405)2'4 = 00972 by multiplying the expo-
nents. Using Ln again, set 0.972 on Ln, read
the answer 2.65 on C (or D). This solution
can be expressed in logarithmic form as follows:
n1.5%% 2 2.4 10 1.5 .
2. Find 18.57%37 | Set y = 18,576.37 | Then
In y =-6.37 x 1In 18.5 ., Now 1n 18.5 = 1n
1.85 x 10 = 0,615 + 2.303 or 2.918.

Now -6.37 x 2.918 = 18.58 and 18.58 2.3 = 8

ofe

with remainder of 0.18. But 1% of 8 = ,08,
and .08 £ 4 = ,02, so with the correction
0.18 - 0.02 = 0.16, we have to find

e 16 x 1078 | Set hairline over 0.16 on
In, read 0.852 on CI (or DI), The quotient
8 tells us the answer is 0.852 x 1078 -

8.52 x 109 .

21
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3. Fina 0.88%°%% . set y = 0.88%°25 . pen
In y = 0.25 x 1n 0.88 . Write 1n 0.88 =

1n 8.8 x 10'1 . Set hairline over 8.8 of C

(or D), read 2.175 on Ln. Then 1n 8.8 x

107t = 2,175 - 2,303 = -0,128, and 0.25 x
4 (-0,128) = -0.032 . Set hairline over
0.032 on In, read answer 0.968 on CI (or DI),.
Using base 10
Examples
2.4 . X

10 1. Find 1.5 . Write 10" = 1,5 . Set 1.5 on

C (or D), find x = 0,176 on L, Then

(1'5)2.4 _ (100,176)2,4 - 100.422

, by multiply-
ing exponents. Set 0.422 on L, read the answer
2.65 on C (or D). This solution caﬁ be expressed
in logarithmic form as follows: log 1.52’u =
2.4 log 1.5 .

2. Find 18.5°°°37 . Set y = 18.5637 | pen

log y = -6.37 x log 18.5 . Now log 18.5 =
0,267 + 1 = 1.267. Now -637 x 1.267 = -8.07 .
20 We must now set the hairline over 0.07 on L,
reading from right to left, or subtract 8.07
‘from 10.00 ~« 10 to write the logarithm with a
positive mantissa, namely 1.93 - 10, Set the
hairline over 0.93 on L and read 8.50 on C
(or D). Then the results is 8.50 x 1077 .
3, Fina 0.880°25 . Set y = O.,880“25 . Then
log y = 0.25 x log 0.88 . Write log 0.88 =

log 8.8 x 1071 . set hairline over 8.8 on C

(or D), read 0.944 on L. Then log 88 x 107t =
30 0.944 -~ 1, or 3.944 - 4 ., 0.25 (3,944 - 4) =
0.986 - 1 . Set hairline over 0.986 of L,

read 9.68 on C (or D). Then answer is 0.968 .

-22 =
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(m) Hyperbolic functlons. The Ln scale ig very

helpful in finding values of the hyperbolic functions. This

1s especially true for a rule having the scales shown in

Figure 2 which does not provide Log-Log scales or hyperbolic
function scales, However, even with the type of scales shown
in Figure 1 on which these extra scales are available, the
Ln scale simplifies the work in problems that fall outside the
range of the scales provided.
By definition, sinh x = (e* - e~*)/2, or sinh x =
10 (e*/2) - (e7%/2).
By definition, cosh x (eX + e™®)/2, or cosh x =
(e¥/2) + (e7%/2),

By definition, tanh x = (e¥X - ™ X)/(e¥ + &~¥)

(sinh x)/(cosh x).

Bule: To find sinh x or cosh X, set hairline over x
on Ln, read eX on C (or D) and e™* on CI (or DI).
For sinh x, subtract e * from eX and divide the
result by 2. For cosh x, add e**and e-¥*, and
divide by 2. To find tanh x, use In to find eX

20 and e~*; divide their difference by their sum.

Rule: For x >3, sinh x = cosh x = ¢X/2 can be
found by setting the index of the C scale over
5 on the D scale, moving the hairline to x on

In, and reading the result on D.

Examples.
1. Find sinh 5.4 or e5°4/2, Divide 5.4 by 2.303,
obtaining quotient 2 and remainder 0.794.
(ej°4/2) = (80079h/2)102 . Set right hand
index of C over 5 of D. Move hairline to 0.794
30 on In. Read 1.107 on D. This must be multiplied
by 102, so sinh 5.4 = 110,7 .

23w
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2. Find sinh 24 = ezu/z . First write 824 =

e0-975 4 1010 Using Ln, find e0:975

2.65. Then 2.65/2 = 1.32, so sinh 24 =

1.32 x 10lO .

Extending the ranges. Remember that if x > 2.3,
you must first divide x by 2.3 and correct the
remainder. The corrected remainder is set on Ln
Instead of x, and the integral quotient q is the
exponent of 10 such that the factor 102 determines
10 the position of the decimal point.

For x > 3, we have (e™*/2)<0.025. Hence, for
x >3, sinh x = cosh x = ex/2, approximately, and

tanh x = 1. For x < 0,10, we have sinh x = X,

]

cosh x 1, and tanh x = x, approximately.

Figure 1, the values of e¥ and ¢™* for x < 23 can
be found directly on the\Log Log scales by using
the DF/M scale. For x> 10 the accuracy is poor.
For x > 23, the Log Log scales are useless.
Examples.

20 3. -Find cosh 4.8 = e4'8/2. Write éa’B = éo'l95 x 10° .

Set left index of C over 5 on D. Move hairline
over 0.195 on Ln. Read 80’195/2 = 0,608 on D.
Then cosh 4.8 = 60.8 .

4%, Find tanh 1.3. Using Ln, read e1*3 = 3.67 on C
(or D) and e71:3 = 0.273 on CI (or DI). Then
3.67 - 0.273 = 3,397 and 3.67 + 0.273 = 3.94;
hence tanh 1.3 = 0,862..

(n) Applied problems.

1. As an extraordinary example consider the following

- 30 quotatioh:

24
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"The total N for the entire line is N = 00,1118
x 2000 = 223.6 nepers, and the ratio of input

to output current

"IS/II" = 6223'6 — 1097 1" 3%

Calculate e223’6

By the method of Section (g), above, we divide

223.6 by 2.3, and correct the remainder.

23/223.60 0.01 x 97 = 0.97
10 207,
1§.8 1/4 x .97 = 0.24
16.1
.50 0.50 - .24 = 0.26

Set hairline over 0.26 of Ln.

Read 1.297 on C.

The result is 1.297 x 109? . The result found

by logarithms is 1.286 x 1097 . Thne error is

0.85%, or under 1%, and occurs because the cor-

rection formula uses 0.0025 instead of 0.002580.
20 This shows that the method using ILn is sufficient-

1y accurate for all exponents up to 100; such

large exponents are exceedingly rare.

2. A table of standard sizes for rectangular wire
may be made by inserting 38 geometric means
‘between the diameter (0.46 inch) of Gauge 0000
and the diameter (0.005 inch) of Gauge 36 of the

American Wire Gaugé.

Calculate the common ratio r = 39/0.4300 ,
0.005

30 ~ and compute the 36th term.

*Ware, Lawrence A. and Reed, Henry R. Communication Circuits.
(New York, 1942), John Wiley and Sons, Inc. p. 49,

-25-
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First note that r = (460/5)1/39, or (92)/39
Write 10¥ = 92, Set 92 on C (or D), find
mantissa of x, or 0.964 on L, Then x = 1.964 .
(10)1°96%/39 _ 10%9503. oot 0.0503 on

L, read r = 1.123 on C (or D). The 36th term

Then r =

is 0.005 x 1.12335, or 0.005 x 1025 x (0.0503) =
0,005 x 10%*7%Y | Set nairline over 0.761 on L,
read 5.77 on C (or D)., Finally, compute 0,005 x
10 x 5.77 = 0.289 inch, or 289 mills, approxi-
10 mately.
3. The formula for the current in a certain circuit

is 1 = 1.25 (1 - e799%), 02 ¢ S 0.01.
Find i1 for t = 0,006; that is,

1=1.25 (1 - e780 X 0.006) _ 3 55 (3 _ o-0.48),
Set hairline over 0.48 on Ln, read e—0.48 _ 0.619
on CI (or DI), Then i = 1.25 (1 - 0.619)

x 0.381 = 0.476 .

1.25

il

4. 1In a problem similar to 3, above, the formula is
1= 1 (1 - e'”Ot), 0%t 20,02, Find i for t =
20 | 0.015; that is 1 = 4 (1 - e 0+60) |
| Answer: 1.804 ,

Having described our invention and the operation of a
number of the disclosed scales in combination with each other,
it 1s belleved obvious how our In-L scale slide rule simplifies
problems to the base e, and is operable in combination with

many different types of logarithmic scales of a slide rule

such as the CF, DF, CF/M, DF/M, CIF, LL, TH and SH scales

shown in Figures 1, 2 and 3. These scales are illustrated in

their proper relations to the In and L scales. Examples are

30 disclosed of logarithmic scales with which the Ln scale can
26
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be used, and any other logarithmic scales usable with the L
scale can also be used in an obvious manner with the Ln
scale for values to the base e instead of the base 10,

Some changes may be made in the construction and
arrangement of the parts of our slide rule without departing
from the real spirit and purpose of our invention, and it is
our intention to cover by our claims any modified forms of
structure or use of mechanical equivalents which may reason-

ably be included within their scope.

-27-
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The embodiments of the invention in which
an excluslve property or privilege is claimed are

defined as follows:

l. In a slide rule, the combination of an
L scale of unlt length, an Ln scale coextensive therewilth
and graduated in equal increments totalling 2.302585 %+ ,
and at least one logarithmic scale having graduations

from 1 to 10 coextensive with sald In and L scales,

2. A slide  rule of the character disclosed
comprising the combination of an L scale of unit length,
an Ln scale coextenslve therewith and graduated in ’
equal increments totalling 2.302585 + , and a logarithmic
scale having graduations from 1 to 10 coextensive with
sald Ln and L scales, whereby powers of e and logarithms
to the base e may be directly determined from said In

scale and said logarithmic scale, when used in combination.

3. In a slide rule, the combination of an L
scale of unlt length, an In scale coextensive therewith
and graduvated in equal Increments totalling 2,302585 +—,
and at least onellogarithmic scale having graduations
from 1 to 10 coextensive with said ILn and I scales,
whereby logarithms for base e may be read directly on
sald Ln scale when a number is set on said logarithmic
scale, and powers of e can be read on said logarithmic

scale when the number l1ls set on said In scale.
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.- 4, In a slide rule, the comblnation of an Ln
scale graduated in increments totalling 2.302585 4 and
- a logarithmle scale coextensive therewith having gradu-
ations from 1 to 10 whereby powers of e and logarithms
to the base e may be determined from said In scale in

conjunction with sald logarithmle scale.

5. In a slide rule, the combination of an ILn
scale graduated in equal increments totalling 2.302585 +
and an 1inverted logarithmic scale coextensive with said
In scale having graduations from 10 to 1 whereby powers
of e for negative exponents, and logarithms of proper
fractions to the base e, may be determined from said In
gcale and said inverted logarithmic scale when used in

conjunction with each other.

6. A slide rule comprising in comblnation, coex-
tensive logarithmic and linear scales in which for 10 main
increments of said logarithmic scale there are 2.302585 «
main increments of said linear scale, a log scale coexten-~
sive with said linear and logarithmic scales and of unit
length, and a cursor movable along sald scales and having
a hairline against which they may be read, enabling the
finding oflpowers’of ¢ and logarithms to the base e under

the hailrline of sald cursor 1n combined slide rule operations.

T. In a slide rule, the combination of coextensive
logarlithmic and linear scales in which for 10 increments of
sald logarithmic scale there are 2.302585 -4 increments of
said linear scale, and a cursor movable along said scales
and having a hairline against which they may be read enabling
the direct finding of powers of e and logarithms to the base

e under the halrline of said cursor,

*
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8. A slide rule comprising the combination of
coextensive logarithmic, inverted logarithmic and lilnear
scales in which for 10 increments of the logarithmic scales
there are 2.302585 4 increments of said linear scale, and

a cursor movable along saild scales and having a hairline

against which they may be read enabling the finding of
powers of e both positive and negative and logarithms to
the base e for both whole numbers and proper fractions

under the hairline of said cursor.

9. In a slide rule, the combination of a plurality
of coextensilve logarithmic scales and a linear scale 1n
which for 10 increments of sald logarithmic scales there
are 2.302585 + increments of said linear scale enabling
the finding of powers of e and logarithms to the base e,
one of sald logarithmic scales being inverted for finding
logarithms of proper fractions énd the powers for negative

exponents.

10. In a slide rule, the combination of a body
and slide having multiple logarithmic scalesvand a linear
scale coextensive with said logarithmic scales in which
for 10 increments of sald logarithmic scales there are
2.332585-k‘equa1 increments of sald linear scale, a cursor
movable along sald scales and having a hairline against
which the values on said scales may be read enabling the
finding of powers of e and logarithms to the base e under
saild hairline, some of said logarithmic scales being inverted
for finding the logarithms of proper fractions and the powers
for negative exponents, for multiplication and division with
powers, for logarithms of combined operations and for values

of hyperbolic functions.
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11. In a slide rule, the combination of s body
and slide having multiple logarithmic scales and a linear
scale coextensive with said logarithmic scales in which
for 10 increments of saild logarilthmic scales there are
2.302585 + equal increments of said linear scale, a cursor
movable along said scales and having a hairline against
which the values oﬁ sald scales may be read enabling the
fihding of powers of e and logarithms to the base e under
said hairline, some of said logarithmic scales being In-
verted and others being folded at 2.302585 + for finding
the logarithms of proper fractions, the powers for negative
exponents, for multipliéation and division with powers, logar-

ithms of combined operations and values of hyperbolic functions.

12. 1In a slide rule, the combination of a‘body and
slide having multiple logarithmic scales and a linear scale
coextensive with sald logarithmic scales in which for 10
increments of said logarithmic scales there are 2.302585 4
equal increments of said linear scale, a cursor movable
along sald scales and having a hairline against which the
values on sald scales may be read enabling the finding of
powers of e and logarithms to the base e under said hairline,
some of sald logarithmic scales being inverted and others
being log log scales for finding the logarithms of proper
fractions, the powers for ﬁegative exponents, for multipli-
cation and division with powers, logarithms of combined

operations and values of hyperbolic functions,
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13. In a slide rule, the combination of a body
and slide having multiple logarithmic scales and a linear
scale coextensive with said logarithmic scales in which
for 10 increments of said logarithmic scales there are
2.302585 4 equal ilncrements of said linear scale and a
log scale coextensive with saild linear scale and said
logarithmlc scales and of unit length, a cursor movable
along said scales and having a hairline against which
they may be read enabling the finding of powers of e and
logarithms to the base e under the hairline of said cursor,
some of sald logarithmic scales being lnverted, others beilng
folded, and at least one being both inverted and folded for
finding the logarithms of proper fractions, the powers for
negative exponents, for multlplication and division with
powers, logarithms of combined operations and values of

hyperbolic functions.

14, 1In a slide rule, the combination of a body
and sllde having multiple logarithmic scales and a linear
scale coextensive with said logarithmic scales in which
for 10 increments of salid logarithmic scales there are
2.302585 + equal increments of said linear scale and a
log scale coextensive with sald linear scale and said
logarithmic scales and of unit% length, a cursor movable
along said scales and having a hairline against which
they may be read enabling the finding of powers of e and
logarithms to the base e under the hairline of said cursor,
some of sald logarithmic scales being lnverted, others
belng folded, and still others belng log log scales for
finding the logarithms of proper fractions, the powers
for negatlve exponents, for multiplication and division
with powers, logarithms of comblned operations and values

of hyperbollic functions.

32 %
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